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We develop a new method to isolate localized defects from extended vibrational modes in disor-
dered solids. This method augments particle interactions with an artificial potential that acts as
a high-pass filter: it preserves small-scale structures while pushing extended vibrational modes to
higher frequencies. The low-frequency modes that remain are “bare” defects; they are exponen-
tially localized without the quadrupolar tails associated with elastic interactions. We demonstrate
that these localized excitations are excellent predictors of plastic rearrangements in the solid. We
characterize several of the properties of these defects that appear in mesoscopic theory of plasticity,
including their distribution of energy barriers, number density, and size, which is a first step in
testing and revising continuum models for plasticity in disordered solids.
PACS numbers: 63.50.-x,62.20.F,71.55.Jv,83.50.-v
INTRODUCTION
Under applied stress, solids can flow plastically. In
crystals, this flow is controlled via rearrangements at lat-
tice defects, which are the dislocations [1], easily identi-
fied by looking at the bond orientational order. In dis-
ordered solids, such as granular materials [2–5] and bulk
metallic glasses [6–8] the structural defects are not easily
identifiable using structural data, though the rearrange-
ments are still localized [8, 9].
Localized defects can self-organize, changing the bulk
properties of materials. For example, shear bands, which
are regions that flow faster than the rest of the material,
Are thought to develop when defects co-localize [10, 11].
In other regimes, self-organization of defects leads to
avalanching, where a material deforms elastically until
a stress-lowering rearrangement at one defect triggers a
cascade of rearrangements at other defects [12]. Inter-
esting memory effects [13, 14] may also be generated by
self-organization of defects.
Defects play an important role in several mesoscopic
phenomenological theories of plasticity, such as the the-
ory of shear transformation zones (STZ) [9, 15], which
given a population and energy scale for defects, predicts
how the solid will fail, and the theory of soft glassy rheol-
ogy (SGR) [16], which assumes a population of yielding
mesoscopic regions.
Isolating and quantifying features of defects in dis-
ordered solids has proved difficult. Finding the pre-
cise set of particle displacements that allow the system
to rearrange at the lowest energy cost is computation-
ally difficult. Observations that the low-frequency lin-
ear vibrational modes are strongly correlated with par-
ticle rearrangements and plasticity [17, 18] suggest that
low-frequency localized excitations have very low energy
barriers and therefore may identify defects. However,
this conjecture is difficult to test because individual low-
frequency normal modes are quasi-localized with long-
ranged quadrupolar tails required to satisfy long-range
elasticity.
One approach to overcoming this difficulty is to iden-
tify localized regions with the largest displacements in
the lowest frequency modes. One finds that they do
cluster into soft spots that identify locations where re-
arrangements are likely to occur [19]. This method has
been extended to glasses at various temperatures [20],
in different geometries [21], and to identify the approxi-
mate directions of particle displacements [22]. Building
on these observations, a new machine learning method
has been developed to identify softness fields in disor-
dered solids [23]. A related approach characterizes the
nonlinear response, and uses an iterative approach to
identify soft nonlinear modes and their associated energy
barriers[24].
A different, yet complementary approach analyzes the
response of circular regions of particles to applied shear
in many directions [25], and also finds evidence for pre-
existing structural defects. This method effectively pre-
dicts rearrangement sites, orientations, and energy bar-
riers.
However, there are drawbacks to each of these ap-
proaches. The soft spots algorithm contains system-
atic errors due to hybridization of soft spots and sound
modes [19], while the machine learning algorithm does
not identify directions of particle displacement and does
not yet provide strong physical insight [23]. The method
of Patinet et. al [25] allows for the computation of en-
ergy barriers, but it is computationally expensive and not
clearly related to the microstructure or linear response.
In this manuscript, we develop a new method that
pushes phonon-like modes out of the low-frequency spec-
trum, leaving isolated excitations behind. We find that
these localized excitations are excellent predictors of fu-
ture rearrangements. We also characterize the num-
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2ber density of defects, finding that fewer soft spots are
required to make accurate predictions than previously
thought.
It also allows us to characterize properties of localized
excitations that are usually treated as fit parameters in
mesoscopic models, including defect size and the magni-
tude of associated energy barriers. We find a localization
length for defects of approximately 7.3 particle diameters,
corresponding to a soft spot containing about 150 parti-
cles. To calculate energy barriers, we do not follow ex-
isting methods that use the adjacency matrix associated
with the contact network to identify saddle points [26]as
these can generate false positives [27, 28].We develop a
more robust method and find that defects have lower en-
ergy barriers than those for normal modes.
SIMULATION MODEL
We study 50:50 mixtures of 2500 bidisperse disks with
diameter ratio 1.4, at a packing fraction of φ = 0.9, sig-
nificantly larger than the jamming transition at φJ '
0.84 [29]. Their interaction potential is Hertzian: V =
2
5κδ
5/2, where δ is the particle overlap. Lengths are in
units of the mean particle diameter, and energies are in
units of κ. We analyze mechanically stable packings in
a periodic box of linear size L ' 50 generated by an in-
finite temperature quench [29]. The system is sheared
using Lees-Edwards boundary conditions [30].
To find vibrational modes, we use ARPACK [31] to cal-
culate eigenvalues, λ, and eigenvectors, ei, of the dynam-
ical matrix, M , which describes the linear response of the
packing to particle displacements [32]. At large displace-
ments, broken contacts disrupt the linear response [33],
but there is always a well-defined linear regime [34, 35].
In our Hertzian packings at φ = 0.9, we are well within
this regime.
To penalize long-range collective motion, we augment
the system with an artificial square grid (lattice constant
a) of spring-like interactions. These spring-like interac-
tions link the coarse-grained particle motions u˜, and gen-
erate an augmented potential energy U˜ :
U˜ =
1
2
 n∑
i
n∑
j
x,y∑
α
x,y∑
β
uiαMiαjβujβ+
g2∑
k
g2∑
l
x,y∑
γ
Kkl (u˜kγ − u˜lγ)2
 , (1)
where i, j are particle indices, k, l are grid point indices,
Greek indices represent spatial dimensions, g = L/a is
the number of grid points per side, and u˜kγ is a Gaus-
sian weighting of particle displacements and represents
an effective grid point motion as described in the Ap-
pendix and illustrated schematically in Fig. 1. With this
augmented energy U˜ = U +U†, the dynamical matrix is
M˜ = M +M† with
M† =
g2∑
k
g2∑
l
Kklδαβ (W (i, k)W (j, k)
−2W (i, k)W (j, l) +W (i, l)W (j, l)) , (2)
and
W (i, l) = Exp
[
−
x,y∑
η
(xiη − lηa)2 /σ2
]
. (3)
We refer to modes associated with U as standard
modes and those associated with U˜ as augmented modes.
As we have implemented the effective spring network on
a square grid, Kkl = Kδk,l±1. The “motion” of each grid
point (u˜) is illustrated schematically in Fig. 1(a); average
displacements in the same direction are penalized.
There are three parameters for the augmentation: the
width of the Gaussian weighting for each gridpoint σ, the
spacing between grid points a, and the strength of the
augmentation K. We do not want the augmented energy
to affect the energy of individual particles. As discussed
in the appendix, the sum of Gaussians is nearly unity
when σ is equal to or larger than a; therefore we choose
σ = a for the remainder of this manuscript.
We want to choose a such that the augmented en-
ergy acts as a high-pass filter, increasing the energy of
modes with small wavenumbers. Therefore, we compare
the standard (U) and augmented (U˜) energies associated
with a field of displacements that vary in amplitude as a
plane wave with wavenumber k. An analytic expression
for this quantity is derived in Appendix A. The analytic
and numerical results, shown in Fig. 2(a), suggest that
wavevectors smaller than ∼ L/2a are significantly penal-
ized, and that there is a systematic decrease in sensitiv-
ity as a decreases. To balance these effects, we choose
a = L/7 for the remainder of this manuscript.
A more subtle question is how to balance the mag-
nitude of the augmented energy and the standard en-
ergy, which is controlled by the parameter K. We want
the augmented energy to be sufficient to push out plane
waves, without affecting finer scale structure. To do so,
we examine the number of well-localized modes as as
function of K, as described in Appendix B. We find that
K = 0.01 is sufficient to penalize plane waves without
altering the fine-scale structure.
RESULTS
Having specified reasonable values for a and K, we now
explore the eigenspectrum of the augmented system. Fig.
1(b) shows the particle displacements in a typical low-
frequency hybridized mode derived from the standard
3a b
c d
b c
0
1.8d e
a
FIG. 1: (color online). (a) A square grid of points is con-
nected by a spring-like interaction. Movement of a grid point
is defined by the weighted particle displacements. (b) A typ-
ical hybridized vibrational mode from a standard dynamical
matrix. (c) A typical localized mode from an augmented dy-
namical matrix. (d,e) Sum of the magnitudes of particle dis-
placements in the 30 standard (d) and augmented (e) modes
with the lowest frequencies. The colorbar represents the mag-
nitude of the summed polarization vector.
dynamical matrix M . A typical low-frequency eigenvec-
tor of the augmented dynamical matrix M˜ , shown in Fig.
1(c), is localized. The inset shows an exponential decay
in amplitude away from the center of the defect, high-
lighting the absence of long-range quadrupolar tails [36].
Fig. 1(d,e) show the sum of the magnitudes of the 30
lowest frequency modes for typical standard and aug-
mented matrices, respectively. In Fig. 1(e), large magni-
tudes occur in the same localized regions as in Fig. 1(d),
indicating that the augmented potential does not inter-
fere with small-scale structure or alter the locations of
the soft spots. The augmentation does suppress the back-
ground associated with extended excitations, making soft
spots easier to identify.
With this choice of parameters we can measure local-
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FIG. 2: (color online). Energy due to augmentation, U˜ − U ,
of a plane wave of wavenumber k for various number of grid
points spacing a ranging from L/2 to L/10 at L = 46. The
solid line corresponds to a = L/7. Results are shown both
for the analytic prediction, as lines, and numerical results, as
points, which do not differ significantly.
ization with the radius of gyration [37], given by
Rg =
√√√√∑Ni=1(|ri − rcm|2 |ei|)∑N
i=1(|ei|)
. (4)
To confirm that modes with increased energies are in-
deed extended, we split eigenvectors into three groups.
We find that the normal modes rarely have a RG / 16
particle diameters as shown in Fig. 3a, therefore we de-
note modes with RG < 16 as “localized”. Remaining
modes are characterized by an integral If over the Fourier
spectrum and L2 distance LBP between their cumulative
distribution functions (cdfs) and the typical boson peak
cdf [38]. We find that If = 0.3−2.3LBP is the best sep-
arating plane in If − LBP space between “phonon-like”
and “boson peak” modes.
Fig. 3(b) shows that the augmented potential is al-
tering the spectrum as intended. The augmented eigen-
pectrum shown by solid lines contains a significant num-
ber of localized modes, and plane waves are pushed to
higher frequencies compared to standard modes (shown
by dashed lines).
Size and number density
In mesoscopic models for plasticity, two important pa-
rameters are the number density and size of localized
excitations, and therefore one of our goals is to extract
distributions for these parameters directly from simula-
tions.
The number of localized augmented modes should
serve as a lower bound on the number of localized de-
fects. As seen in Fig. 2, our choice of grid spacings
suppresses wavenumbers of up to k ∼= 3 so localized ex-
citations with frequencies above that range will not be
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FIG. 3: (color online). a) The radius of gyration of the 20
lowest frequency modes in 100 realizations are much smaller
for augmented modes (solid line) than for standard modes
(dashed line). b) Density of states plotted as number of modes
per packing, for augmented (solid) and standard(dashed)
modes. Localized modes (red) only appear in the augmented
DOS, while the plane waves (blue) in the augmented system
have increased energy.
isolated. The distribution for the number of localized
excitations in our 2D box of 2500 particles is shown in
Fig. 4a – the average is about 7.
We can also extract a length scale for each localized
augmented mode by fitting an exponential function to the
decay in displacement amplitude away from the defect
center. The distribution of lengthscales associated with
these exponential fits is shown in Fig 4b, with a mean of
7.89 particle diameters. We have checked that this length
is independent of our choice of grid spacing a.
To see how these results compare to previous ap-
proaches, we characterize the size and number density
of the localized excitations using the soft spots ap-
proach [19]. This method identifies clusters of soft par-
ticles by grouping together the Np particles with the
largest motion from the lowest Nm frequency modes, and
optimizes Np and Nm in order to maximize the correla-
tion Csr of spots with rearrangements. Csr is a very
strict criterion comparing the particles that have large
displacements in soft spots and rearrangements, respec-
tively.
For standard normal modes at a packing fraction of 0.9,
the best correlation with rearrangements is found when
we include the Nm = 25 lowest frequency modes and the
Np = 20 particles in each mode. This corresponds to
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FIG. 4: a) The number of modes with RG < 16 in the aug-
mented system. The line is a Gaussian fit with µ = 6.79 and
σ = 2.45. b) The length scale extracted from an exponential
fit to the radially averages distribution of displacement vec-
tors for augmented localized modes. The line is a Gaussian
fit with µ = 7.89 and σ = 2.01.
14 ± 3 soft spots in each packing of 2500 particles, with
an average soft spot size of 14.3± 5.7 particles.
These results are quite different from those we found
with our new augmented approach – the augmented ap-
proach finds about half as many localized excitations in
the same packing (7 compared to 14) and excitations
that are an order of magnitude larger (a lengthscale cor-
responding to 150 particles compared to 14 particles).
Typical defect sizes reported in the literature vary widely
and are typically between these two values [8, 9, 39–42].
To unpack this discrepancy, we first look more closely
at the size of localized excitations. Fig 5 compares dis-
placements in a localized augmented mode to the loca-
tions of particles identified by the soft spot algorithm.
The soft spot singles out the particles with very large mo-
tion during a rearrangement, while the augmented mode
retains smaller displacement vectors. Because the defect
core is far from compact (perhaps even with string-like
structures reported previously [43]), the spatial extent of
the soft spot and the localization length (derived from
an exponential fit to the displacement field) are actually
very similar. This suggests that the size of a localized
excitation may depend quite a bit on how size is mea-
sured.
Next, we investigate the number density of localized
excitations. A possible weakness of existing soft spots
algorithms is that they are only able to demonstrate that
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FIG. 5: (color online). A soft cluster compared to the most
similar augmented mode, of RG = 15.3. The localization
length of the augmented mode (lmode = 8.8) is represented as
a circle. (inset) Blue points are the radially averaged magni-
tudes of particle displacements |ei| a distances r from largest
particle displacement; the red line is the best exponential fit
with decay length lmode = 8.8.
a given number of soft spots is sufficient for predicting
plasticity, but not that the number is necessary – e.g.
these methods may be identifying more spots than are
needed to predict rearrangements.
To test this hypothesis, we run the soft spot analy-
sis using only the localized augmented modes. As ex-
pected, this generates about the same number of soft
spots as localized modes (an average of 7 spots). The re-
sults are largely insensitive to the the number of particles
per mode, Np, for Np between 20 and 50, as we might
have expected from our analysis of soft spot size above.
We report results for Np = 25 so that the average soft
spot size matches that for standard modes.
An interesting questions is whether the 7 spots identi-
fied by our new augmented method are just as effective
at predicting plasticity as the 14 spots generated by the
old method. Interestingly, the overall average correlation
is nearly identical Csr = 0.777 for standard modes and
Csr = 0.781 for localized augmented modes. Fig 6(a)
shows Csr for standard modes and only localized aug-
mented modes as a function of γ−γc, which is the strain
required to activate the next rearrangement. We see that
close to the event the 7 localized augmented modes are
slightly better than the 14 standard soft spots at pre-
dicting rearrangements, and nearly as good even far from
the event. This suggests that our augmented potential
is identifying a subset of localized excitations that pre-
dict plasticity, and that the number density of such ex-
citations is actually significantly smaller than previously
thought.
Direction information and energy barriers
Of course, one of the main benefits of this algorithm
is that we can calculate not only the locations of the
localized excitations but also the directions of particle
motions in an excitation. To see if this directional in-
formation is also predictive for particle rearrangements,
we take the scalar dot product between each of the lo-
calized augmented modes and the rearrangement, as well
as the lowest-frequency standard modes. We restrict the
dot product to a circular region of radius rc around the
localized event, to avoid noise associated with dot prod-
ucts of many random vectors with small magnitudes. We
choose rc = L/5 which is slightly above the localization
length, but results are not highly sensitive to the choice
of rc. We also restrict ourselves to non-avalanche rear-
rangements, where the rearrangement has over an 80%
overlap with the mode that goes to zero at the critical
strain [19]. Fig. 6 b shows the probability distribution
for the highest dot product amongst all modes. There is
a much higher probability of finding a dot product near
unity for the augmented modes compared to the standard
modes, indicating that augmented modes are better pre-
dictors of the rearrangement dynamics, even at strains
long before a rearrangement event.
This algorithm for the first time allows us to calculate
the distribution of energy barriers associated with bare
defects. We displace particles along each eigenvector and
use the LBFGS line search algorithm [44] to minimize the
potential energy at every step. At the first step where
the minimized state is different from the initial state, we
identify a particle rearrangement and define an energy
barrier ∆U as the difference between the initial energy
and the maximum energy attained [26].
The definition of a particle rearrangement or new state
can be subtle. Although previous studies in particulate
matter have used changes in the contact network adja-
cency matrix to identify energy barriers [26], not all con-
tact changes identify saddle points in the potential en-
ergy landscape [27, 35]. In Appendix C, we compare sev-
eral methods for identifying saddle points in the poten-
tial energy landscape, and identify a subset that are self-
consistent and match our expectations for saddle points.
Using one of these self-consistent definitions, we calculate
the energy barriers for the 50 lowest frequency standard
and augmented modes over 100 realizations, separated by
mode type. Fig. 7 shows that the localized augmented
modes are more likely to have very low energy barriers
compared to standard modes, although the average value
is similar.
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FIG. 6: a) Correlation function CSR between soft spots
and rearrangments generated from the localized augmented
modes (magenta) are very similar to those for standard modes
(black), and more accurate far from the event. Events are
binned as a function of the strain required to get to the
next particle rearrangement (γc − γ).b) Comparison of the
highest dot product between localized (RG < 16) augmented
modes (magenta) and standard modes (black). The various
curves represent different distances in strain from the rear-
rangement. The solid lines correspond to strains close to
a rearrangement ((γ − γc) < 10−4.5), the dashed lines are
10−4.5 ≤ (γ − γc−) ≤ 10−3.5, and the dotted line represents
(γ − γc) ≥ 10−3.5. The pdf was created from a cdf using
a Gaussian smoothing filter of σ = .07. We see that the lo-
calized augmented modes tend to match the rearrangement
much better than the standard mode, especially far from the
rearrangement as demonstrated by the magenta curves having
larger weights near unity.
DISCUSSION AND CONCLUSIONS
Using a simple physically-motivated augmented poten-
tial, we were able to push extended low-frequency vibra-
tional modes to higher frequencies and isolate localized
“bare” defects. We demonstrate that these localized ex-
citations are excellent predictors of both the location and
displacements associated with particle rearrangements in
a disordered solid. Finally, we characterize the length-
scales, number density, and energy barriers associated
with these excitations.
These results should immediately improve continuum
models for plasticity in amorphous solids. The energy
barriers associated with defects in disordered solids are
an important parameter in both STZ and SGR mod-
els. While these were previously fitting parameters, one
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FIG. 7: Energy barriers. Probability distribution of en-
ergy barrier for standard (dashed), and augmented (solid)
modes, collected over the 50 lowest frequency modes in 100
realizations are plotted separated by mode type as in Fig. 3.
Localized augmented modes are more likely to have very low
energy barriers. Curves were produced by smoothing the cu-
mulative distribution function with a Gaussian filter of width
0.7.
can now extract them from a simulation and test specific
model predictions.
A future direction of inquiry is to study the creation,
annihilation, and activation of defects in sheared sim-
ulations and compare to continuum model assumptions
[8, 10, 45–48]. In particular, it would be instructive to use
the directional and energy barrier data to predict which
defect would activate given a particular shear direction.
We know that other methods for identifying soft spots
such as those calculating local yield stress [25], analyzing
nonlinear modes [49], or using machine learning [50] also
correlate well with particle rearrangements. Therefore, it
would be useful to systematically compare these methods
on the same packing and determine whether the identify
the same localized excitations.
While we have used a multiple contact-change metric
for determining a new state to calculate energy barriers,
there are many other choices. Ongoing work [27] suggests
that all saddle points are accompanied by a drop in stress,
while contact changes that are not associated with saddle
points do not have a substantial stress drop. We do not
use stress drops as an indicator of saddle points here be-
cause they are difficult to identify along the non-physical
particle paths prescribed by our augmented modes, but
we expect this alternate definition to be useful in other
systems, such as those under simple shear.
As this method can robustly identify defects far from
rearrangements, we are now well poised to study their dy-
namics. For example, we hope to study the creation and
annihilation of defects under shear, and whether their
statistical properties (such as the lengthscale, number
density, or energy barrier) are different as a function of
material preparation or shearing history. This new tech-
nique should also allow us to study the spatial organiza-
tion of defects in processes such as shear banding that
lead to catastrophic failure.
7Additionally, it would be interesting to try to extend
this algorithm to systems that are not in mechanical equi-
librium. For example, during an avalanche in a highly
jammed packing we expect that most of the motion will
be along a few floppy modes, so that most of the curva-
tures in the potential energy landscape are still positive
and amenable to study via vibrational mode techniques.
This would allow us to observe the activation and forma-
tion of defects, to understand if avalanches mostly result
from one defect triggering other, pre-existing defects, or
if avalanches create and activate new defects.
The self-organization of defects may also provide in-
sight into the reversibility dynamics seen by Keim et. al
[13, 46, 51]. The evolution of soft spots as a function of
time and their organization in the highly reversible sys-
tem acquired after many cycles might allow a mesoscopic
description of memory formation in materials.
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APPENDIX A
In this Appendix, we derive the augmented dynamical
matrix that allows us to separate localized modes from
extended plane-wave-like modes at low frequency in a
disordered solid. Latin indices are used to label parti-
cles and greek indices to label cartesian components. All
summations are explicit.
The low frequency vibrational modes of a disordered
solid contain localized excitations at defects hybridized
with extended plane-wave-like modes and are the eigen-
vectors of the Dynamical matrix Miαjβ =
∂2U
∂uiα∂ujβ
. In
order to examine the bare defects, we must separate these
two types of modes. To prevent hybridization, our goal
is to increase the energy of the plane-wave-like modes
without increasing the energy of the localized modes.
To do this, we add an extra term to the total energy
of the packing U that represents a grid of virtual points
connected by a spring-like interaction. The motion of
each grid point is defined as the motion of the particles
near it, weighted by a Gaussian function of the distance
between them. The new energy is then
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FIG. 8: Ratio of height variation ∆h to mean height h¯ of a
grid of gaussians of width σ and spacing a between each peak.
U˜ =
1
2
 n∑
i
n∑
j
x,y∑
α
x,y∑
β
uiαMiαjβujβ+
g2∑
k
g2∑
l
x,y∑
γ
Kkl (u˜kγ − u˜lγ)2
 , (5)
where
u˜kγ =
n∑
pupγExp
[
−
x,y∑
η (xpη − kηa)2 /σ2
]
n∑
pExp
[
−
x,y∑
η (xpη − kηa)2 /σ2
] , (6)
kx = Floor[k/g], (7)
ky = Mod[k, g], (8)
g = L/a, (9)
where g is the number of grid points per side, a is the
spacing between grid points, and L is the side length. Kkl
sets the connectivity and the strength of the connection
between grid points. In this work, we connect adjacent
grid points on a square grid, so that Kkl = Kδk,l±1.
The width of the Gaussian weighting is set equal to
the grid spacing, as the sum of a grid of Gaussians with
width equal to the spacing is flat to within 10−6, as seen
in Fig.8. We divide by the Gaussian contribution of each
particle near the grid point to normalize by particle den-
sity.
The total augmented energy can be written as a
quadratic function in terms of the standard dynamical
matrix M and the dynamical matrix M† corresponding
to the augmented potential:
U˜ =
1
2
 n∑
i
n∑
j
x,y∑
α
x,y∑
β
uiα
(
Miαjβ +M
†
iαjβ
)
ujβ
 .
(10)
8To simplify notation, we introduce a weighing function
W (i, l) =
Exp
[
−∑x,yη (xiη − lηa)2 /σ2]
n∑
pExp
[
−
x,y∑
η (xiη − lηa)2 /σ2
] . (11)
and then U˜ becomes:
U˜ =
1
2
 n∑
i
n∑
j
x,y∑
α
x,y∑
β
uiαMiαjβujβ+
g2∑
k
g2∑
l
x,y∑
γ
Kkl
((
n∑
p
upγW (p, k)
)(
n∑
p
upγW (p, k)
)
−
2
(
n∑
p
upγW (p, k)
)(
n∑
p
upγW (p, l)
)
+(
n∑
p
upγW (p, l)
)(
n∑
p
upγW (p, l)
)))
. (12)
Without loss of generality, we reindex the summations
from p to i and j
U˜ =
1
2
 n∑
i
n∑
j
x,y∑
α
x,y∑
β
uiαMiαjβujβ+
g2∑
k
g2∑
l
x,y∑
γ
Kkl
( n∑
i
uiγW (i, k)
) n∑
j
ujγW (j, k)
−
2
(
n∑
i
uiγW (i, k)
) n∑
j
ujγW (j, l)
+
(
n∑
i
uiγW (i, l)
) n∑
j
ujγW (j, l)
 . (13)
As each term has a sum over i and j, these can be
grouped
U˜ =
1
2
n∑
i
n∑
j
(
x,y∑
α
x,y∑
β
uiαMiαjβujβ+
g2∑
k
g2∑
l
x,y∑
γ
Kkluiγujγ
(
W (i, k)W (j, k)−
2W (i, k)W (j, l) +W (i, l)W (j, l)
))
. (14)
We reindex again:
∑
γ
uiγujγ =
∑
α
uiαujα, (15)
∑
α
uiαujα =
∑
α
∑
β
uiαujβδαβ , (16)
by definition of Kronecker delta. Grouping the dimen-
sion sums and gathering terms we find
U˜ =
1
2
n∑
i
n∑
j
x,y∑
α
x,y∑
β
(
uiα
(
Miαjβ+
g2
δαβ
∑
k
g2∑
l
Kkl
(
W (i, k) ∗W (j, k)−
2W (i, k) ∗W (j, l) +W (i, l) ∗W (j, l)
))
ujβ
)
(17)
,
resulting in the final definition of M†,
M† =
g2∑
k
g2∑
l
Kklδαβ
(
W (i, k)W (j, k)
− 2W (i, k)W (j, l) +W (i, l)W (j, l)). (18)
We can analytically determine the energy increase for
plane waves by assuming a continuous field of particles,
which allows us to go from a summation to an integral
over particle positions. We let the plane wave be defined
as
ux = A sin(2pikx/L+ φ), uy = 0. (19)
Then the continuous form is
U† =
Gt∑
kx=1
Gt∑
lx=1
Gt∑
ky=1
Gt∑
ly=1
(
δ(lx, kx ± 1)δ(ly, ky ± 1)K∫ ∞
−∞
∫ ∞
−∞
(
dxdy
A
piσ2
sin(2pikx/L+ φ)(
e−
(x−akx)2+(y−aky)2
σ2 − e−
(x−alx)2+(y−aly)2
σ2
)))
. (20)
In order to deal with boundary conditions, we take the
limit as Gt→∞. we also set σ = a, and λ = L/k. This
computation gives the result
U† = −4pi2A2Ke− 8pi
4a2
λ2
(
cos
(
4pi2a
λ
)
− 1
)
. (21)
which is shown by the dashed lines in Fig. 2 in the main
text
APPENDIX B
To choose a value for the parameter K, the connec-
tion strength, we calculate the total number of localized
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FIG. 9: (color online). The 50 lowest frequency modes in 100
packings, sorted by type as in Fig.3b, plotted as a function of
K. There are three regions: 0 < K < 0.01, where the aug-
mentation begins to have an effect, 0.01 < K < 0.02, where
the augmentation begins to greatly alter the mode structure,
and 0.02 < K, where the number of spurious localized modes
grow linearly with K, as shown in the inset over a wider range
of K.
modes of the 50 lowest frequency modes in the packing
as a function of K, where localized modes are defined
using the radius of gyration as defined in the main text.
As seen in Fig 9, the number of localized modes grows
until a value of K = 0.01, and essentially plateaus there-
after. Additionally, the number of boson peak modes is
relatively constant until the same value. Furthermore,
the number of plane-wave modes begins a more sharp
decline at that value. Taken together, this suggests that
a value of K = 0.01 balances the augmented energy with
the internal potential energy to shift plane waves without
generating spurious localized modes.
APPENDIX C
In order to define a new state, we examine seven in-
dependent criteria: i) any change in the contact net-
work (CR+), ii) non-rattler [52] contact changes (CR-),
iii) requiring more than two particles to change contacts
(C2), iv) energy differences between the original and final
basins of greater than 10−8 (E-8), v) a displacement of a
single particle more than two large particle diameters in a
direction perpendicular to the mode (D), vi) having a sig-
nificant stress drop (S), and vii) requiring that more than
2 contact changing particles must be neighbors, thereby
rearranging as a unit, (C2N).
As shown in Fig. 10, for each standard mode and each
of the first five definitions, we measure the ratio between
the energy barrier calculated using that definition and
C2N (∆U/∆UC2N ).Several of these criteria, such as con-
tact changes that include or exclude rattlers (CR+, CR-),
generate energy barriers that are significantly lower than
the other criteria and different from each other. We note
that these definitions have been used for studies of en-
FIG. 10: (color online). Ratio of energy barriers ∆U/∆UC2N
calculated using different definitions for what constitutes a
particle rearrangement, as described in the main text. Box
and whiskers contains 50 % and 92 % of the data points,
respectively, blue bars denote the median, and outliers are
circles.
ergy barriers in the past [26]. This result suggests that
these criteria generate a lot of “false positives” – they
identify changes to the network that do not correspond
to a particle rearrangement. In contrast, the four other
methods (C2, E-8, D, S) generate distributions of energy
barriers with the same median as C2N, indicating that
these criteria are very similar and likely identify particle
rearrangements associated with saddle points and plas-
ticity.
APPENDIX D
As discussed in the main text, we find that the aug-
mented modes are just as predictive as standard modes
if we use the soft spot algorithm to correlate localized
excitations with plasticity, and we can use fewer modes
(15 augmented modes compared to 25 standard modes).
As a third measure of whether localized excitations
predict plastic events, we compare the distance between
the center of mass of the localized excitation and the
center of mass of the rearrangement.
Of course, we expect that this distance will scale with
the number density of candidate defects, so we first calcu-
late the probability density P for the minimum distance
r between the origin and n points randomly distributed
in 2D space:
P (r, n) = 2pinrΘ
(
1
2
− r
)(
1− pir2)n−1−nΘ(r − 1
2
)
∗
− 4r√
4r2 − 1 +
4√
4− 1r2
+ 2r
(
pi − 4 csc−1(2r))

∗
(
−
√
4r2 − 1 + r2 (pi − 4 csc−1(2r))+ 1)n−1 , (22)
where Θ is the Heavyside function. The expected mini-
mum distance for n randomly distributed points is then
dnrand =
∫
rP (r, n)dr.
10
Given the location of the center of a rearrangement and
a list of n locations corresponding to centers of localized
excitations, we compute the minimum distance between
the rearrangement and any localized excitation dn. We
then normalize dn by the value of a random distribution,
dnrand, and if our rearrangements are predictive then d ≡
dn/dnrand < 1, and there is no bias as a function of the
number or size of the localized regions.
We compare the distributions of d for several different
definitions of localized excitations. We first assume ev-
ery localized augmented mode corresponds to a defect,
and compare d just before (at a strain 10−6 below the
critical strain) the event (denoted ’near’), as well as im-
mediately after the previous rearrangement (far). We
repeat this procedure for the standard modes and soft
spots generated by the method of Manning and Liu [10].
As shown in Fig. 11, using this strict metric, the
augmented modes display significant improvement over
a random distribution with the same number of candi-
dates. The augmented modes are also closer in distance
to the rearrangement than soft spots once controlled for
the number of candidates.
As discussed in the main text, we also want to un-
derstand how the size of localized augmented excitations
compares to the size of soft spots. To this end, we use
the published soft spots algorithm to identify the opti-
mal number of modes (Nm = 25) and number of particles
(Np = 20. A histogram for the number of spots and their
size are shown by the black data points in Fig. 12 a and
b, respectively. Next, we only study soft spots gener-
ated from localized augmented modes, and since there
are only 7 such modes we expect to find approximately
that number of soft spots, which is the case, as shown by
the red and magenta data points in Fig 12a. The correla-
tion with rearrangements is largely insensitive to Np for
values between 20 and 30, but Np does affect soft spot
size, as shown in Fig. 12b.
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